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Abstract. For a finite set X ⊂ N, let

E(X) =

{∑
n∈A

1
n

: A ⊆ X

}
, S(N) = |E([N ])| .

A recent prime-block argument of Luo, Yang, and Zhu gives the order of
magnitude

log S(N) ≍ N

log N

κ(N)∏
j=3

logj N,

where κ(N) is the last iterated logarithm above a fixed threshold. The
argument is one-sided at the block level and uses a running maximum,
so it does not itself produce a ratio asymptotic.

We introduce a modular separation condition for a large prime block.
For every separating prime the corresponding block is an exact direct
summand at the level of reciprocal subset sums. A discriminant argument,
together with the known upper bound, shows that all but No(1) of the
relevant large primes are separating. With

F (N) := log N

N
log S(N),

this upgrades the prime-block inequality to the asymptotic renewal
identity

F (N) = 5 log 2
6 +

∑
3≤m≤log N

F (m)
(m + 1) log m

+ o(1).

After a double-logarithmic change of variables, the renewal identity
implies slow variation and

F (N) ∼ log3 N F (log N).
We then identify the unavoidable terminal oscillation. For every fixed
A > 1 there is a positive phase function hA on [A, eA] such that

F (N) = LA(N)
(
hA(uA(N)) + o(1)

)
,

where LA is the hard-cutoff iterated-logarithmic product and uA(N) is
the final iterate in (A, eA]. The phase is given by a uniformly convergent
tower limit and satisfies the exact cocycle relation

h(eu) = uh(u).
Consequently no positive constant C can satisfy F (N) ∼ CLA(N) for a
hard cutoff A > 1. The phase is rigorously identified, but a closed form,
effective high-precision evaluation, and regularity beyond boundedness
remain open.
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1. Introduction and statement of results

For a finite set X ⊂ N, write

E(X) :=
{∑

n∈A

1
n

: A ⊆ X

}
, S(N) := |E([N ])| , s(N) := log S(N).

(1.1)
All logarithms are natural. We use

log0 x = x, logj+1 x = log(logj x)

whenever the expression is defined. For a fixed A > 1, set

κA(N) := max
(
{j ≥ 3 : logj N > A} ∪ {2}

)
, LA(N) :=

κA(N)∏
j=3

logj N,

(1.2)
with the empty product equal to 1.

Bleicher and Erdős initiated the study of S(N), and Bettin, Grenié,
Molteni, and Sanna proved a lower bound reaching the natural terminal
iterated-logarithmic scale. Building on these works, Luo, Yang, and Zhu
obtained

log S(N) ≍A
N

log N
LA(N) (1.3)

for every fixed A > 1. Their upper bound starts from disjoint large-prime
blocks and then replaces the resulting weighted sum by a running maxi-
mum. The present note retains the arithmetic information discarded in that
replacement.

The first result is purely algebraic. Put

Dm := lcm(1, . . . , m), Am := DmE([m]) ⊂ Z. (1.4)

Thus |Am| = S(m).

Definition 1.1. Let p > m be prime. We say that p is separating for m if
reduction modulo p is injective on Am.
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Theorem 1.2 (Exact separation of good prime blocks). Let N, M ∈ N
satisfy

M < q := N

M + 1 , q2 > N.

For each prime p > q, put mp = ⌊N/p⌋ and

Bp = {p, 2p, . . . , mpp}.

Let GN be the primes p > q that are separating for mp, and set

ZN = [N ] \
⋃

p∈GN

Bp.

Then the addition map

E(ZN ) ×
∏

p∈GN

1
p

E([mp]) −→ E([N ])

is bijective. In particular,

S(N) = |E(ZN )|
∏

p∈GN

S(mp). (1.5)

The separating condition fails only for primes dividing a finite discriminant.
Combining this observation with the upper half of (1.3) makes the exceptional
set negligible.

Theorem 1.3 (Asymptotic renewal identity). Assume the upper bound in
(1.3), which follows from the prime-block argument of Luo–Yang–Zhu with
the minor correction recorded in Section 3. Then

F (N) = 5 log 2
6 +

∑
3≤m≤log N

F (m)
(m + 1) log m

+ o(1), F (N) := log N

N
s(N).

(1.6)
The error is two-sided. In particular, no separate lower-bound construction
is needed to pass from the prime blocks to (1.6).

The known lower bound is used next only to control the size of F from
below and hence to identify the renewal profile.

Theorem 1.4 (One-step ratio asymptotic). Assume the two-sided estimate
(1.3). Then

F (N) ∼ log3 N F (log N). (1.7)
More generally, for every fixed r ≥ 1,

F (N) ∼

r+2∏
j=3

logj N

F (logr N). (1.8)

The iteration cannot be terminated by a single constant because a hard
cutoff has deterministic jumps. The correct terminal object is a phase
function.
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Theorem 1.5 (Phase-resolved asymptotic). Assume (1.3). For every fixed
A > 1, define

uA(N) := logκA(N) N ∈ (A, eA]. (1.9)
There exists a positive bounded function hA : [A, eA] → (0, ∞) such that,
uniformly as N → ∞,

F (N) = LA(N)
(
hA(uA(N)) + o(1)

)
. (1.10)

The functions hA are restrictions of a single positive function h : (1, ∞) →
(0, ∞) satisfying

h(eu) = uh(u). (1.11)
They admit the tower-limit representation in (8.5) and the infinite-product
representation in (8.6) below.

Corollary 1.6 (No constant for a hard cutoff). For no fixed A > 1 and no
C > 0 does one have

F (N) ∼ CLA(N).
Indeed,

hA(eA) = AhA(A), (1.12)
so hA is nonconstant.

Status of the results. The exact direct-sum theorem, the discriminant
estimate, the renewal identity, the slow-variation argument, and the construc-
tion of the phase function are proved in this note. The analytic inputs are
the classical prime number theorem with a de la Vallée Poussin error term
and the previously established two-sided order estimate (1.3); the required
upper-bound argument is reproduced with a correction in Section 3. The
lower bound is quoted from Bettin–Grenié–Molteni–Sanna.

What is not proved is a closed formula or effective numerical table for hA.
The functional equation (1.11) does not determine the function from a scalar
normalization: arbitrary data on one fundamental interval propagate to all
other scales. We also do not prove continuity, differentiability, or monotonicity
of hA. These points are isolated as open problems in Section 10.

2. Heuristic overview

The original prime-block upper bound uses the elementary fact that an
integer n ≤ N cannot contain two distinct prime factors larger than N/ log N .
Hence the denominators divisible by a large prime p form a disjoint block

Bp = {p, 2p, . . . , ⌊N/p⌋ p},

and the subset sums from this block are scaled copies of the smaller problem
E([⌊N/p⌋]). Counting the blocks gives a recursive upper bound.

The key point here is that disjointness of the denominator sets is weaker
than independence of their subset-sum values. Two different choices in one
block could conceivably be compensated by choices in other blocks. The right
analogue of ordering denominators from largest to second largest is therefore
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not ordinary size, but the largest prime-adic level. Fix a large prime p. After
clearing every denominator not divisible by p and reducing modulo p, all
other blocks disappear. The p-block is forced to close internally.

Internal closure is exactly the injectivity of

DmE([m]) −→ Fp.

A prime for which this map is injective is separating. For such a prime,
equality of two global harmonic subset sums forces equality of the two p-block
sums. Peeling off all separating primes gives an exact direct product, not
merely an upper envelope.

Why should most primes be separating? Failure means that p divides a
nonzero difference between two elements of the finite integer set DmE([m]).
Thus every bad prime divides a discriminant-type product. The logarithm
of this product is at most O(mS(m)2). At the polylogarithmic values of m
relevant to the large-prime decomposition, the known upper bound implies
S(m) = No(1). Consequently only No(1) large primes can be bad.

After the bad blocks and the residual set are removed, both contribute
o(N/ log N) to log S(N). The remaining prime blocks give a two-sided
asymptotic sum. Grouping primes by m = ⌊N/p⌋ produces the kernel

1
m(m + 1) ,

and normalization converts this to
1

(m + 1) log m
.

The corresponding continuous kernel is dt/(t log t). Under the change of
variables u = log2 t, it becomes Lebesgue measure. This is the renewal
structure behind the iterated logarithms.

The renewal equation yields one-step regular variation,

F (N) ∼ log3 NF (log N),

but a hard terminal cutoff cannot have a constant coefficient. Whenever a new
iterated logarithm crosses the cutoff A, the product LA gains a factor close
to A, while F (N) changes negligibly between adjacent integers. The missing
coefficient is therefore a phase depending on the last iterate uA(N) ∈ (A, eA].
Its cocycle law

h(eu) = uh(u)
exactly compensates the jump of the hard product.

3. Known bounds and a corrected upper-bound input

We record the analytic inputs and explain a minor point in the upper-
bound argument.
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Lemma 3.1 (Prime number theorem in the required range). Let

MN =
⌊
log N (log2 N)1/2

⌋
.

Uniformly for 1 ≤ m ≤ MN ,

π

(
N

m

)
− π

(
N

m + 1

)
= N

m(m + 1) log N

(
1 + ηN (m)

)
, (3.1)

where

sup
m≤MN

|ηN (m)| ≪ log MN

log N
+ MN log N e−c

√
log N = o(1). (3.2)

Proof. Use
π(x) = li(x) + O

(
xe−c0

√
log x).

On the interval [N/(m + 1), N/m], one has
1

log t
= 1

log N

(
1 + O

( log MN

log N

))
uniformly for m ≤ MN . The interval length is N/(m(m + 1)). Dividing the
two endpoint error terms by the main term gives

O
(
(m + 1) log N e−c

√
log N),

which is bounded by the second term in (3.2). □

The prime-block argument of Luo–Yang–Zhu gives, for
M(x) := max

3≤n≤x
F (n),

a recursion of the form
F (N) ≤ C + (1 + δ(N)) log3 N M(log N), (3.3)

where
δ(N) ≪ log2 N

log N
+ (log N)2e−c

√
log N . (3.4)

Their displayed argument absorbs the factor 1 + δ(N) into an additive
constant using only δ(N) log3 N → 0. One also needs a bound for M(log N).
The missing estimate is immediate:

s(n) ≤ n log 2,

F (n) ≤ (log 2) log n,

M(log N) ≤ (log 2) log2 N.

(3.5)

Hence
δ(N) log3 N M(log N) = o(1),

and the intended recursion follows:
F (N) ≤ C1 + log3 N M(log N). (3.6)

Its standard iteration gives
F (N) ≪A LA(N). (3.7)
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For the lower bound we use the following consequence of Bettin–Grenié–
Molteni–Sanna: whenever k ≥ 4 and logk N ≥ 3/2,

F (N) ≥ 2 log 2
(

1 − 3
2 logk N

) k∏
j=3

logj N. (3.8)

Together with the elementary comparability of LA for different fixed thresh-
olds, (3.7) and (3.8) imply (1.3).

We will also use the consequence

LA(x) = (log3 x)1+o(1) (3.9)

for each fixed A > 1.

4. Exact separation of prime blocks

We prove Theorem 1.2.

Proof of Theorem 1.2. Since q2 > N , no integer n ≤ N is divisible by two
distinct primes larger than q. Thus the blocks Bp are pairwise disjoint.

Suppose that two choices of block sums give the same total:

z +
∑

p∈GN

up

p
= z′ +

∑
p∈GN

vp

p
, (4.1)

where z, z′ ∈ E(ZN ) and up, vp ∈ E([mp]). Fix p ∈ GN . Write

up = ap

Dmp

, vp = bp

Dmp

, ap, bp ∈ Amp .

All terms in (4.1) other than the p-block have denominators prime to p.
Indeed, no element of ZN is divisible by p, and a denominator in a different
block has the form p′j with p′ ̸= p and j ≤ M < p. Also p > mp, so p ∤ Dmp .

After combining the other terms, (4.1) takes the form

ap − bp

pDmp

+ A

B
= 0, p ∤ B.

Clearing denominators and reducing modulo p gives

(ap − bp)B ≡ 0 (mod p),

so ap ≡ bp (mod p). Since p is separating for mp, we obtain ap = bp, and
hence up = vp.

This holds for every p ∈ GN . Returning to (4.1) then gives z = z′. Thus
the addition map is injective; surjectivity follows from the partition of [N ]
into ZN and the blocks Bp. Equation (1.5) follows. □
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5. Bad primes and the residual set

For m ≥ 1, define the nonzero integer

∆m :=
∏

a,b∈Am
a<b

(a − b). (5.1)

Lemma 5.1 (Discriminant bound). If p > m is not separating for m, then
p | ∆m. Moreover,

log |∆m| ≪ mS(m)2. (5.2)

Proof. Nonseparation gives distinct a, b ∈ Am with a ≡ b (mod p), hence
p | a − b and p | ∆m.

Every element of Am lies in [0, DmHm], where Hm =
∑

n≤m 1/n. Therefore

log |∆m| ≤
(

S(m)
2

)
log(DmHm).

The Chebyshev estimate log Dm ≪ m and log Hm ≪ log2 m give (5.2). □

Set from now on

M = MN :=
⌊
log N(log2 N)1/2

⌋
, q := N

M + 1 . (5.3)

For large N , M < q and q2 > N .

Lemma 5.2 (Scarcity of bad large primes). Let BN be the primes p > q that
are not separating for mp = ⌊N/p⌋. Then

|BN | = No(1). (5.4)

Proof. For a fixed m ≤ M , every bad prime in(
N

m + 1 ,
N

m

]
divides ∆m and is at least q. Hence the number of such primes is at most

log |∆m|
log q

≪ mS(m)2

log q
.

Since S(m) is nondecreasing,

|BN | ≪ 1
log q

∑
m≤M

mS(m)2 ≪ M2S(M)2

log q
. (5.5)

By (3.7), (3.9), and the definition of M ,

s(M) ≪ M

log M
LA(M)

≪ log N (log2 N)−1/2(log4 N)1+o(1) = o(log N).

Thus S(M) = No(1), and (5.5) proves the claim. □
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Let ZN be the residual set in Theorem 1.2, with GN the separating primes
above q.

Lemma 5.3 (Residual contribution). One has

log |E(ZN )| = o

(
N

log N

)
. (5.6)

Moreover, ∑
p∈BN

s(mp) = o

(
N

log N

)
. (5.7)

Proof. Let dN = lcm(ZN ). Every prime factor of an element of ZN that
exceeds q belongs to BN . Since q2 > N , such a prime occurs only to the first
power. Therefore

log dN ≤ ϑ(q) +
∑
k≥2

ϑ(N1/k) + |BN | log N. (5.8)

The first two terms are

O(q +
√

N + N1/3 log N) = o

(
N

log N

)
,

and the last term has the same property by (5.4). Thus
log dN = o(N/ log N).

Every element of E(ZN ) has the form a/dN with 0 ≤ a ≤ dN HN . Hence
|E(ZN )| ≤ dN HN + 1,

which proves (5.6).
Finally, s(mp) ≤ mp log 2 ≤ M log 2, and therefore∑

p∈BN

s(mp) ≤ |BN | M log 2 = No(1) = o(N/ log N).

□

Combining Theorems 1.2 and 5.3 gives the two-sided prime recursion

s(N) =
∑
p>q

s

(⌊
N

p

⌋)
+ o

(
N

log N

)
, (5.9)

where the sum is over primes.

6. The asymptotic renewal identity

Proof of Theorem 1.3. For 1 ≤ m ≤ M , write

am(N) := #
{

p : N

m + 1 < p ≤ N

m

}
.

By Theorem 3.1,

am(N) = N

m(m + 1) log N
(1 + ηN (m))
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uniformly for m ≤ M . Equation (5.9) gives

F (N) =
∑

m≤M

s(m)
m(m + 1) + o(1). (6.1)

Indeed, the total prime-number-theorem error is bounded by

sup
m≤M

|ηN (m)|
∑

m≤M

s(m)
m(m + 1) ≤ (log 2) sup

m≤M
|ηN (m)|

∑
m≤M

1
m + 1 = o(1).

It remains to remove log N < m ≤ M . By (3.7) and monotonicity of LA,∑
log N<m≤M

s(m)
m(m + 1) ≪ LA(M)

log2 N

∑
log N<m≤M

1
m

≪ LA(M) log3 N

log2 N
= o(1),

where the last step follows from (3.9) applied at M . Consequently,

F (N) =
∑

m≤log N

s(m)
m(m + 1) + o(1).

Since s(1) = log 2, s(2) = 2 log 2, and
s(m)

m(m + 1) = F (m)
(m + 1) log m

(m ≥ 3),

we obtain (1.6). □

7. Continuous renewal and slow variation

Define the step extension
F̃ (x) := F (⌊x⌋), x ≥ 3,

and put
a := log2 3, G(z) := F̃ (eez ). (7.1)

For m ≥ 3, let

dm := 1
(m + 1) log m

−
∫ m+1

m

dt

t log t
. (7.2)

Since
dm = O

( 1
m2 log m

)
, F (m) ≤ (log 2) log m,

the series
∑

m≥3 F (m)dm converges absolutely.

Lemma 7.1 (Continuous renewal equation). There is a real constant

γF := 5 log 2
6 +

∞∑
m=3

F (m)dm (7.3)

and a function r(z) → 0 such that

G(z) = γF +
∫ log z

a
G(u) du + r(z). (7.4)
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Proof. Replace the sum in (1.6) by the integral over the unit intervals
[m, m + 1). The accumulated difference tends to the absolutely convergent
series in (7.3). The change of variables u = log2 t gives dt/(t log t) = du.
The floor and endpoint discrepancies tend to zero by the trivial bound
F (x) ≪ log x. □

For fixed A > 1, define

ΛA(z) :=
νA(z)∏
j=1

logj z, νA(z) := max
(
{j ≥ 1 : logj z > A} ∪ {0}

)
. (7.5)

Then (1.3) is equivalent to

G(z) ≍A ΛA(z). (7.6)

Lemma 7.2 (Slow variation). For every fixed λ > 0,

G(λz)
G(z) −→ 1. (7.7)

Proof. It suffices to consider λ > 1. Subtracting (7.4) at z and λz gives

G(λz) − G(z) =
∫ log z+log λ

log z
G(u) du + o(1).

For u in this bounded interval, (7.6) and the identity

ΛA(z) = log z ΛA(log z)

for sufficiently large z imply

G(u) ≪A,λ
G(z)
log z

.

Since G(z) → ∞, division by G(z) proves (7.7). The case 0 < λ < 1 follows
by inversion. □

We use the elementary Karamata consequence of slow variation.

Lemma 7.3 (Karamata integral relation). One has∫ x

a
G(t) dt ∼ xG(x). (7.8)

Proof. This is the standard integral theorem for a positive slowly varying
function. For completeness, fix 0 < δ < 1. The uniform convergence theorem
for slowly varying functions gives∫ x

δx
G(t) dt = xG(x)

∫ 1

δ

G(xs)
G(x) ds ∼ (1 − δ)xG(x).

Potter’s bound controls the remaining interval [a, δx] by O(δ1/2xG(x)). Let-
ting δ ↓ 0 proves the claim. □
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Proof of Theorem 1.4. By Theorems 7.1 and 7.3,
G(z) ∼ log z G(log z).

Returning to F gives (1.7). Iterating a fixed number of times proves (1.8). □

8. Second-order renewal and the phase function

The existence of a tower limit requires a summable one-step error, not
merely a ratio tending to one. The next lemma supplies it.

Lemma 8.1 (Second-order integral asymptotic). As x → ∞,

xG(x) −
∫ x

a
G(t) dt ∼ xG(log x). (8.1)

Proof. Choose b so large that (7.4) is valid on [b, ∞) and log b > a. Write

Db(x) := (x − b)G(x) −
∫ x

b
G(t) dt =

∫ x

b

(
G(x) − G(t)

)
dt.

Subtracting (7.4) at x and t gives

G(x) − G(t) =
∫ log x

log t
G(u) du + r(x) − r(t).

The contribution of the r-terms is o(x). Since G(log x) → ∞, this is negligible
compared with xG(log x). Fubini’s theorem yields

Db(x) =
∫ log x

log b
(eu − b)G(u) du + o(xG(log x))

=
∫ log x

log b
euG(u) du + o(xG(log x)).

The discarded term b
∫ log x

log b G(u) du is O(G(x)) = o(xG(log x)) by Theo-
rem 1.4.

It remains to evaluate the exponentially weighted integral. Put Y = log x
and write

1
eY G(Y )

∫ Y

log b
euG(u) du =

∫ Y −log b

0
e−v G(Y − v)

G(Y ) dv.

For each fixed v, slow variation gives G(Y − v)/G(Y ) → 1. The compara-
bility (7.6) and monotonicity of ΛA give an integrable domination by Ce−v.
Dominated convergence therefore gives∫ Y

log b
euG(u) du ∼ eY G(Y ) = xG(log x).

The finite lower interval [a, b] changes (8.1) only by O(G(x)), which is
negligible. □

Define
R(x) := G(ex)

xG(x) . (8.2)
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Corollary 8.2 (Summable one-step error). One has

R(x) = 1 − 1
log x

+ o

( 1
log x

)
. (8.3)

Proof. By (7.4),

G(ex) = γF +
∫ x

a
G(t) dt + r(ex).

Apply Theorem 8.1 and divide by xG(x). Finally, Theorem 1.4 gives

G(log x)
G(x) ∼ 1

log x
.

□

Define the exponential tower

E0(u) = u, Ej+1(u) = eEj(u), Pr(u) :=
r−1∏
j=0

Ej(u), P0(u) = 1.

(8.4)

Proposition 8.3 (Tower limit). For every u > 1, the limit

h(u) := lim
r→∞

G(Er(u))
Pr(u) (8.5)

exists and is positive. The convergence is uniform for u in every compact
subinterval of (1, ∞). Moreover,

h(u) = G(u)
∞∏

j=0
R(Ej(u)). (8.6)

Proof. Set

Hr(u) := G(Er(u))
Pr(u) .

Then
Hr+1(u)
Hr(u) = R(Er(u)).

By Theorem 8.2, for r ≥ 1,

R(Er(u)) = 1 + O

( 1
Er−1(u)

)
,

uniformly for u in a fixed compact subset of (1, ∞). The series∑
r≥1

1
Er−1(u)

converges uniformly on such compact sets. Therefore the infinite product in
(8.6) converges uniformly to a positive limit, proving the result. □
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Lemma 8.4 (Cocycle identity). The function h satisfies
h(eu) = uh(u)

for every u > 1.

Proof. Using Er(eu) = Er+1(u) and

Pr(eu) =
r∏

j=1
Ej(u) = Pr+1(u)

u
,

we obtain
h(eu) = lim

r→∞
G(Er+1(u))
Pr+1(u)/u

= uh(u).

□

Proof of Theorem 1.5. Let
z = log2 N, k = κA(N) − 2, u = uA(N) = logk z.

Then u ∈ (A, eA], z = Ek(u), and

LA(N) =
κA(N)∏

j=3
logj N = Pk(u).

Thus
F (N)
LA(N) = G(Ek(u))

Pk(u) + o(1).

Since k → ∞ and the convergence in Theorem 8.3 is uniform on [A, eA], this
tends uniformly to h(u). Set

hA = h
∣∣
[A,eA].

This proves (1.10); (1.11) follows from Theorem 8.4. □

Proof of Theorem 1.6. Equation (1.12) is (1.11) with u = A, so hA is non-
constant. To rule out a constant asymptotic without imposing any continuity
on hA, use the jumps of the hard cutoff directly.

For r ≥ 3, let xr = Er(A) and nr = ⌈xr⌉. Then
logr(nr − 1) ≤ A < logr nr.

All earlier iterated logarithms change by a relative o(1) between nr − 1 and
nr, whereas the new terminal factor satisfies logr nr → A. Hence

LA(nr)
LA(nr − 1) −→ A.

On the other hand,
S(N) ≤ S(N + 1) ≤ 2S(N),

so 0 ≤ s(N + 1) − s(N) ≤ log 2. Since s(N) → ∞, it follows that
F (nr)

F (nr − 1) −→ 1.
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Therefore the quotient F (N)/LA(N) changes by a factor tending to 1/A
across these adjacent threshold integers. It cannot converge to a positive
constant. □

9. What the phase formula computes, and what it does not

The phase is rigorously determined by the arithmetic function F through
either (8.5) or (8.6). The product tail converges extremely rapidly on a
tower scale. More precisely, Theorem 8.2 implies that, for fixed A > 1 and
sufficiently large J ,

hA(u) = G(EJ(u))
PJ(u)

(
1 + OA

( 1
EJ−1(u)

))
(9.1)

uniformly for u ∈ [A, eA].
The scalar γF in (7.3) is also computable from finite values of S(m) with

an absolutely convergent tail. Nevertheless, γF alone does not determine hA.
The renewal relation is a variable-delay equation: the values on one expo-
nential layer depend on the entire profile on the previous layer. Equivalently,
the cocycle equation (1.11) permits arbitrary positive data on a fundamental
interval, subject only to endpoint compatibility. The actual arithmetic selects
one such profile.

The lower bound (3.8) gives an explicit pointwise constraint. Taking
N = Er+2(u) and k = r + 2, then letting r → ∞, yields

h(u) ≥ 2 log 2
(

1 − 3
2u

)
(u ≥ 3/2). (9.2)

For the standard cutoff A = 2, the cocycle identity improves the left endpoint
to

h2(2) = 1
2h2(e2) ≥ log 2

(
1 − 3

2e2

)
= 0.552436 . . . . (9.3)

The general upper estimate in (1.3) gives hA(u) ≪A 1.
A rigorous high-precision numerical plot would require two additional

effective ingredients:
(i) an explicit error bound in (1.6), including constants in the bad-prime

estimate and the prime-number-theorem remainder;
(ii) sufficiently many exact or certified values of S(m) to initialize the

method of steps.
Neither ingredient is supplied by the present argument at a practical numeri-
cal scale. Accordingly, this note does not claim a numerical evaluation or a
closed form for hA.

10. Open problems

Question 10.1 (Effective phase computation). Obtain an explicit uniform
error term in (1.6) strong enough to compute h2 with certified numerical
error. Even a rigorous plot on [2, e2] would substantially clarify the terminal
oscillation.



PRIME BLOCKS AND HARMONIC SUBSET SUMS 17

Question 10.2 (Regularity of the phase). Is h continuous, Hölder con-
tinuous, or differentiable? Does it have any monotonicity or convexity on
a fundamental interval? The present proof gives positivity, boundedness,
uniform tower convergence, and the cocycle identity, but no finer regularity.

Question 10.3 (Closed form or canonical equation). Can h be characterized
as the unique solution of a closed renewal or delay equation with a natural
normalization? The scalar renewal constant γF is insufficient by itself; one
needs a condition that captures the arithmetic initial profile.

Question 10.4 (Sharper bad-prime estimates). The discriminant argument
gives only No(1) bad large primes. Is the number of bad primes bounded,
polylogarithmic, or even eventually zero in the relevant intervals? Structural
information on the difference set Am − Am could lead to a substantially more
effective renewal error.

Question 10.5 (Exact local states beyond separating primes). For a bad
prime, reduction modulo p merges several elements of Am. Can one retain a
finite collision state and obtain an exact matrix-valued prime-block recursion
rather than discarding the block? Such a refinement may encode hA more
explicitly.

Question 10.6 (Dissociated denominators). Let R(N) be the largest car-
dinality of A ⊂ [N ] whose reciprocal subset sums are all distinct. The
known estimates give R(N) ≍ log S(N). Does R(N) possess a phase-resolved
asymptotic with the same hA, or with a different terminal profile?

Question 10.7 (Collision entropy). For

rN (x) = #
{

A ⊂ [N ] :
∑
n∈A

1
n

= x

}
,

study the collision quantities
∑

x rN (x)q. Separating prime blocks give exact
multiplicativity at the level of the full representation function. Do the cor-
responding Rényi entropies satisfy analogous renewal equations and phase
laws?

Question 10.8 (Other coefficient sets and weights). Extend the method to co-
efficients in {0, 1, . . . , r}, signed coefficients, or weighted reciprocal sequences.
Which local modular separation conditions produce the same dt/(t log t) re-
newal kernel, and when does a different iterated-logarithmic hierarchy appear?
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